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Anti-Jahn-Teller polaron in LaMnO 3

Philip B. Allen and Vasili Perebeinos
Department of Physics and Astronomy, State University of New York, Stony Brook, New York 11794-3800

~Received 20 April 1999!

Distortions of the oxygen sublattice couple toeg orbitals of Mn31 and drive a cooperative Jahn-Teller
~orbital ordering! transition in LaMnO3. A simple model for this transition is studied. Without further adjust-
ment, the model predicts the shape and stability of small~anti-Jahn-Teller! polarons that form when holes are
doped into the material. This leads to a new description of the lightly-doped insulator, the antiferromagnetic to
ferromagnetic transition, and the metal-insulator transition.@S0163-1829~99!12639-0#
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I. INTRODUCTION

The doped manganitesR12xSxMnO3 ~where R is typi-
cally La andS is typically Sr or Ca! have a fascinating (T,x)
~temperature, concentration! phase diagram, including ‘‘co
lossal magnetoresistance’’1 when T'250 K and x'0.20.
Experiment@transport,2 optical,3 diffraction,4 extended x-ray-
absorption fine structure~EXAFS!,5 isotope studies6# and
theory7 indicate the appearance of polarons at this poin
(T,x). It is less well appreciated that small polarons are
sential to explain the insulating phase at smallerx and 0 K
,T,750 K.8 We study a simple model for the cooperati
Jahn-Teller~JT! transition and use the model to predict pro
erties of small polarons in lightly-doped material, includin
how they affect magnetic order and the metal-insulator tr
sition. By working in the limit of large on-site Coulom
repulsionU, we find that properties of the polaron are simp
enough to describe analytically, with small perturbative c
rections.

There is disagreement over the relative role of Coulom
magnetic, and electron-phonon effects. We offer a sim
unified picture in which the relevant energy scales in
scending order are~1! Coulomb interactions are inactive a
ter establishing the dominant Hubbard and Hund ene
scales;~2! electron-phonon interactions drive orbital orde
ing by the JT mechanism;~3! when doped, electron-phono
interactions via orbital ordering give small anti-JT polaron
and, finally,~4! orbital ordering disrupted by polarons is r
sponsible for the unusual magnetic phases~described in Sec
III !.

A canonical ‘‘Jahn-Teller polaron’’9 is the excess electro
in BaTiO3,10 which sits in a triply degeneratet2g level. A
local distortion of the lattice splits the degenerate levels.
yond a critical coupling strength, this lowers the energy a
traps the electron in a small polaron state.

By contrast, the polarons in LaMnO3 are ‘‘anti-JT po-
larons.’’ When pure, the valence is Mn31, with d4 configu-
ration in the high-spin statet2g↑

3 eg↑
1 with the doubly degen-

erate eg level singly occupied. Below the JT structur
transition atTJT5750 K,11 oxygen octahedra distort as i
lustrated schematically in Fig. 1, lifting theeg degeneracy
PRB 600163-1829/99/60~15!/10747~7!/$15.00
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and lowering the energy of the occupied orbitals. When
hole is added, we show that a small polaron is formed
locally ‘‘undoing’’ 8 the JT distortion, pinning the hole onto
Mn41 site with a filledt2g shell.

II. MODEL HAMILTONIAN

The Hamiltonian we use isH5Ht1Hep1HL1HU . The
first term represents hopping of Mneg electrons to neares
neighbors. A simple way to derive this term is to introdu
an overcomplete basis

cx53x22r 2, cy53y22r 2, cz53z22r 2, ~1!

each pointing toward the two nearest Mn neighbors alo
one of the Cartesian axes. Note thatcx1cy1cz50. In the
two-dimensionaleg space, these basis vectors lie at 120 °
each other, as shown in Fig. 2. The usual orthogonal ba
c25(cx2cy)/A3 and c35cz , is more complicated be

FIG. 1. Base plane (x-y plane! of Jahn-Teller distorted
LaMnO3. Rotations of oxygen octahedra are omitted, and dis
tions are exaggerated. Oxygens are displaced only along Mn-O
bonds.
10 747 ©1999 The American Physical Society
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cause there is no element of the cubic rotation group
transformsc2 into c3. Then for the hopping Hamiltonian w
choose

Ht5t(
l ,6

$@cx
†~ l !cx~ l 6 x̂!#1@x→y#1@y→z#%, ~2!

wherel numbers manganese sites, andl 1 x̂ numbers the Mn
neighbor to the right. After reexpressingHt in terms of the
orthogonal orbitalsc2 and c3, we recover the correc
nearest-neighbor two-center Slater-Koster12 model, with
overlap integralst5(dds), (ddp) not entering due to
symmetry, and (ddd)50.

The only lattice degree of freedom is oxygen moti
along the direction of the bonds to the nearest two Mn ato
with a harmonic restoring force2Kux . Variables Qx( l )
5ux( l 1

1
2 x̂)2ux( l 2

1
2 x̂) measure the local expansion

oxygens on thex axis around thel th Mn atom. This expan-
sion lowers the energyex of orbital cx by ]ex /]Qx

524g/A3. We work in adiabatic approximation~oxygen
mass is equal tò ). This gives

Hep52
4g

A3
(

l
$@cx

†~ l !cx~ l !Qx~ l !#1@x→y#1@y→z#%,

~3!

HL5
K

2 (
l

@ux~ l 1 1
2 x̂!21uy~ l 1 1

2 ŷ!21uz~ l 1 1
2 ẑ!2#.

~4!

When two orbitals are occupied on one site, one has to
Coulomb energyU:

HU5U(
l

c2
†~ l !c2~ l !c3

†~ l !c3~ l !. ~5!

We take into accountt2g spins, by defining thec† operators
to create electrons whose spins~because of the large Hund’
rule energy! are parallel to theS53/2 core spin. Hopping
@Eq. ~2!# then operates only between adjacent Mn sites w
parallel spins.

FIG. 2. The two-dimensional space ofeg orbitals, with vertical
and horizontal axes being the usual orthogonal basis functionc2

andc3. The symmetrical overcomplete basis functionscx , cy , and
cz , Eq. ~1!, are shown as dashed lines, and the symmetrical
thogonal basiscX andcY , Eq. ~6!, are shown lying at 45 ° in the
second and third quadrants.
at

s,

ay

h

This model generalizes toeg electrons the model of Rice
and Sneddon13 for s electrons in BaBiO3. The same model
but with longer-range forces, was used by Millis14 for
LaMnO3.

To analyze the solution, it is convenient to make a 4
rotation in (c2 ,c3) space, to a new orthogonal basis, sho
by the solid arrows in Fig. 2,

cX5
1

A2
~c22c3!5

1

A6
@~A311!cx1~A321!cy#,

cY52
1

A2
~c21c3!5

1

A6
@~A321!cx1~A311!cy#.

~6!

The orbitalscX andcY point strongly in thex̂ and ŷ direc-
tions and are equivalent under a 90° rotation in real space
shown in Fig. 1.

In the new basis the electron-phonon term in the Ham
tonian~3! is conveniently split into Jahn-Teller and breathin
parts,Hep5HJT1Hbr :

HJT52g(
l

@cX
†~ l !,cY

†~ l !#S Q2~ l ! Q3~ l !

Q3~ l ! 2Q2~ l !
D S cX~ l !

cY~ l !
D ,

~7!

Hbr52A2~11b!g(
l

Q1~ l !@cX
†~ l !cX~ l !1cY

†~ l !cY~ l !#,

~8!

where the breathing amplitude isQ15A2/3(Qx1Qy

1Qz), Q2 is Qx2Qy , andQ3 is (2Qz2Qx2Qy)/A3, in
standard Van Vleck15 notation. A nonzerob was introduced
by Millis to represent additional charge coupling to th
breathing mode. To simplify the model, we useb50, which
makes Eqs.~7! and ~8! identical to Eq.~3!.

The hopping Hamiltonian in the new basis is

Ht5t (
l ,d5x,y,z

@cX
†~ l !,cY

†~ l !#TdS cX~ l 6 d̂ !

cY~ l 6 d̂ !
D ,

Tx5S 21A3

4
2

1

4

2
1

4

22A3

4

D , Ty5S 22A3

4
2

1

4

2
1

4

21A3

4

D ,

Tz5S 1

2

1

2

1

2

1

2

D . ~9!

III. GROUND-STATE SOLUTION

We have solved this Hamiltonian for zero dopingx
50) in two opposite limits:U/t small, by a Hartree-Fock
calculation, andU/t infinite. The two limits give similar an-
swers. The latter case seems to us more realistic and
another advantage: since hopping is prevented by unit o

r-
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pancy of all sites, the solution does not depend on the m
netic order. We postpone discussing the Hartree-Fock s
tion until the end of this section.

A distortion (Q2 ,Q3)5Q(cosu,sinu)exp(iqW•lW) is intro-
duced. We minimize elastic and electron energy to find
timal distortion parametersQ, u, andqW . The optimal distor-
tion has wave vectorqW 5(p,p,p). Unless we add
anharmonic or strain terms to select a direction in (Q2 ,Q3)
space, the energy is independent ofu. Experiment shows
that the actual ordering isQ2 type, so we simply choose thi
distortion and avoid having an extra term in the Hamiltonia

The ground electronic state that corresponds to per
Q2-type orbital order andU/t5` is

uJT&5)
l

A

cX
†~ l !)

l 8

B

cY
†~ l 8!u0&, ~10!

whereA and B label sublattices where the phase of the
bital order exp(iqW•lW) is 61, respectively. The energ
^JTuHuJT&52NgQ1NKQ2/16 has minimum valueE/N
524Gt at Q58g/K as shown in Fig. 3. This JT phase
insulating; the gap to charge excitations is approximatelyU
'6 eV. Electron-phonon effects are conveniently expres
in terms of the dimensionless parameterG5g2/Kt, which
we estimate to be'0.25–0.35. Orbital excitations16 require
only energy 16Gt'2 eV, and spin excitations occur dow
to low energies, with energies'50 K determined by bal-
ancing terms of orderJ't2/U.

As explained by Goodenough,11 theQ2-type orbital order
~observed belowTJT5750 K) gives a layered structur
~shown in Fig. 1! that in turn fixes the spin order which se
in below the Neel temperatureTN5140 K. The magnetic
structure seen17 at smallx is ‘‘antiferromagnetic A’’ ~AFA!,
with spins aligned ferromagnetically within the layers a
antiferromagnetically perpendicular. The source of the fer
magnetic in-plane exchange@J1S253.32 meV~Ref. 18!# is
orbital order, which favors virtual hops from filledA sublat-
tice cX orbitals to emptyB sublatticecX with spin parallel to
avoid a Hund penalty. When orbitals are not ordered,
Hund penalty is outweighed by the greater multiplicity
hops, whicht2g-electrons can make onto emptyt2g states on

FIG. 3. Critical value of on-site repulsionU, which separates
weakly-correlated from strongly-correlated solutions. The up
panel shows the Jahn-Teller distortionr5gu/t as a function ofG
5g2/Kt for weak- and strong-coupling solutions.
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antiparallel neighbors. The antiferromagneticc-axis ex-
change withJ2S2522.32 meV is explained this way.

It turns out that none of the energetics described so
~for Q2-type orbital order! depend on thez component of the
orbital ordering wave vectorqW , which experimentally is
(p,p,0) rather than (p,p,p) as would be preferred for an
orbital order other than pureQ2. Again, we simply adopt this
order without specifying the additional term in the Ham
tonian.

In the opposite limitU/t small, hopping energy is domi
nant, and the results depend on the magnetic order. We
sider the two cases of ferromagnetic~ferro! and AFA order.
In the latter case we turn off hopping in thez direction @Tz
50 in Eq. ~9!#. Again, a distortion (Q2 ,Q3)
5Q(cosu,sinu)exp(iqW•lW) is introduced, and we minimize
elastic and electron energy in Hartree-Fock~HF! approxima-
tion. At half-filling (x50) of the eg bands, there is perfec
nesting at wave vectorqW 5(p,p,p), because of a symmetr
of the bands of the undistorted crystal,e1(kW )52e2(kW1qW ).
This fixes the optimal distortion atqW 5(p,p,p). The result-
ing HF energy is almost independent of the angleu in
(Q2 ,Q3) space, favoring theQ3 distortion by one part in 104

of the JT energy. The calculations are shown in Fig. 3, wh
also shows the critical value ofU/t at which the weak-
coupling ~HF! solution and the strong-coupling (U/t→`)
solutions have equal total energy. For LaMnO3, we estimate
U/t'12. The lower panel of Fig. 3 shows that for th
choice, theU→` approximation is better. The upper pan
shows that the JT distortion does not depend much onU for
G>0.25.

IV. SMALL POLARON

What happens when a hole is added? It can go into an
the statesu lA& andu l 8B& that are occupied in Eq.~10!. When
G50, the hole is free to hop among these states, no ma
how largeU is , since spins are aligned in the planes. Wh
G.0, it costs energygQ58Gt in lost JT energy to remove
the electron. There are two different ways to regain so
energy.~a! The hole can delocalize, forming a conductin
Bloch state, with no relaxation of the oxygen coordina
Q( l ). For U5` the wave function in first approximation i

ck5cA(
l

A

eikW• lWu lA&1cB(
l 8

B

eikW• lW8u l 8B&, ~11!

where theN statesu lA&,u l 8B& are obtained fromuJT& by
putting the hole on a single site;u lA&5cX( l )uJT& and
u l 8B&5cY( l 8)uJT&. The resulting hopping energy isek /t
5(1/2)(coskx1cosky) plus an additional term2coskz in the
ferro case due to hopping in thez direction ~prohibited in
AFA case.! The minimum energy of the extended hole sta
is Eh,ext/t58G21 ~AFA! and 8G22 ~ferro!. ~b! If the dis-
tortions Ql are locally readjusted, a bound state can
formed, which will be nonmetallic because a small impur
potential will pin it. In first approximation, put the hole at
single A site ~neglecting hopping for now!. The nearestx̂
oxygens, instead of being displaced outwards byu52g/K,
should now displace inwards byu52(A4/321)g/K; the ŷ
oxygens, formerly displaced inwards byu522g/K, now

r
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10 750 PRB 60PHILIP B. ALLEN AND VASILI PEREBEINOS
displace slightly further inwards, byu52(A4/311)g/K;

the ẑ neighbors, formerly undisplaced, now displace in
u52A4/3g/K. The pattern of this anti-JT polaron is show
in Fig. 4. The energyEh,pol/t needed to make the hole
reduced from 8G in lost JT energy to 2G. This energy comes
partly from a reduction in the strain cost and partly fro
energy of breathing. SettingEh,ext5Eh,pol, we conclude that
small polarons are stable forG.1/6 in AFA phase and tha
ferromagnetism, by enhancing the delocalization ene
prevents small polarons untilG.1/3. These energies ar
shown as the solid curves in Fig. 4.

The three largest errors in the calculation of the hole
ergy are~1! the localized hole can spread somewhat o
neighboring Mn atoms,~2! the Hilbert space for both local
ized and delocalized hole wave functions should inclu
states with orbital defects~sites occupied singly but by th
orbital of wrong orientation!, and ~3! a hole in AFA phase
will lower its energy further by causing spin canting on M
atoms in adjacent planes, thus permitting interplanar h
ping, and eventually driving an AFA to ferro transition. W
have calculated these effects by perturbation theory. De
for processes~1! and ~2! are given in the Appendix, and
process~3! is further discussed in the next section.

The probability that a small hole polaron will be foun
away from the central site isa/(1.03661a) where a
50.0059/G2 ~AFA! and 0.0099/G2 ~ferro!. At the smallestG
where small polarons are stable, the probability is 19%
10%, respectively. This shows that the small polaron is v
well localized. The first two effects cause the energy to
lowered byCtG1C8t/G with C50 for delocalized states
and 0.49 for localized states, andC85(0.11, 0.14), in
~AFA, ferro!, for delocalized states and~0.11, 0.17! for lo-
calized. The shifts are small for values ofG>0.2. The criti-
cal value ofG for small polaron formation changes from

FIG. 4. Lowest hole energy in the AFA state of pure LaMnO3 as
a function of coupling constantG, for the trial delocalized and
localized solutions. Solid curves are lowest-order variational so
tions, and dashed curves include perturbative corrections. The d
dotted curve is an improved perturbative solution~exact subspace
diagonalization! for the localized case. The crossover points at e
level of approximation are shown in boxes. The inset shows~in
exaggerated form! the shape of anti-Jahn-Teller polaron~dashed
lines! in thex-y plane. The relative positions of O atoms~at vertices
of rhombus! in the pure JT~solid line! state and in the polaron stat
are accurate.
y,
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Gc51/6 to 0.157~AFA! and from 1/3 to 0.294~ferro!. The
corrected energies are shown as the dashed curves in F

V. MAGNETIC TRANSITION

Effect ~3!, the spin-canting problem, has usually been d
cussed on the assumption that holes are delocalized.19 Treat-
ing spins classically, the additional delocalization ener
gained when adjacent layers realign from 180° to 180°2u is
t sin(u/2) per hole; the exchange cost of realignment
J2S2@12cos(u)# per Mn atom. The optimum canting angle
sin(u/2)5xt/4uJ2uS2, which gives a small critical concentra
tion xc54uJ2uS2/t for complete rotation to the ferro phas
Localized holes tilt spins on only near-neighbor Mn atoms
adjacent planes, gaining less hopping energy than delo
ized holes because the electron hops into an anti-JT-disto
hole site. The energy gain is (39/640)(t/G)sin(u/2). If we
neglect the rotation of any spin except first-neighbor spi
the magnetic energy loss around the localized hole is (J1
12uJ2u)S2@12cos(u)# per hole, giving the optimum loca
rotation sin(u/2)50.49 (eV21)t/G. For t.2.04G eV, the
adjacent spins are completely flipped. Comparing the m
netic energy loss per spin to the energy loss of the ferro st
we find a critical concentration plotted in Fig. 5. Experime
tally the AFA/ferro phase boundary occurs atxc50.08 for
Sr-doped LaMnO3 ~Ref. 20! and atxc50.15 for Ca doping.17

These values are easily reconciled with the localized h
picture but demand too small a value oft in the delocalized
picture. The smaller Ca ion causes larger Mn-O-Mn bo
angles, which results in a smallert and a largerxc .

VI. METAL-INSULATOR TRANSITION

At doping concentrations x approaching xc
50.20, LaMnO3 becomes metallic. A possible analog sy
tem with simpler but similar physics is doped BaBiO3. When
Ba atoms are replaced by K atoms, the system remains i
lating up to a concentrationx50.40. The most likely and
successful explanation for the insulating behavior is form
tion of bipolarons. The pure material has Bi atoms in t
nominal Bi41 valence state. Chemically, Bi prefers valenc
Bi31 and Bi51. The pure material has alternating oxyge
displacements inward or outward in theQ1 breathing pattern.
This stabilizes charge ordering, which is interpretable as
alternation of Bi31 and Bi51. When K atoms replace Ba

-
sh-

h

FIG. 5. Critical concentrationxc for the AFA to ferro transition
as a function of coupling constantst/G.
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PRB 60 10 751ANTI-JAHN-TELLER POLARON IN LaMnO3
extra electrons are released from Bi atoms, creating ho
and converting some of the Bi31 ions into Bi51. The new
Bi51 ions created by doping are small hole bipolarons, a
are stabilized by relaxation of theQ1 coordinates of oxygens
A microscopic description has been given21 using the Rice-
Sneddon Hamiltonian,13 which is just a simplified version o
the Hamiltonian used here, with a single Bis band in place
of the two Mneg bands. The HubbardU is much smaller for
Bi s orbitals than for Mneg’s, so bipolarons are the stab
defect of the Peierls-type charge-order parameter, w
single polarons are the stable defect of the JT orbital or
parameter of LaMnO3.

The metal-insulator transition in BaBiO3 was addressed in
a remarkable calculation by Yu, Chen, and Su22 ~verified by
Kostur and Allen23!. In their calculations, bipolaron defec
form spontaneously in the Peierls order parameter up to v
large concentrations, but when the concentration is too h
the defects destroy the Peierls order completely, and
ground state switches from defective dimerized insulato
undistorted metal. In the work of Kostur and Allen,23 it is
observed that the defective dimerized state~a ‘‘bipolaron
glass’’ phase! is probably an Anderson insulator. The bip
larons are dense enough that localized single-particle s
fill up the Peierls gap, and an Efros-Shklovskii pseudoga24

rather than a clean gap separates the filled and empty s
at the Fermi level. The insulating state might have a nonz
linear specific-heat coefficientg. However, the metal-
insulator transition is not an Anderson transition—the loc
ized states do not persist away from the Fermi level in
metallic state but disappear altogether.

The transition in LaMnO3 seems to us to be similar, wit
polarons instead of bipolarons, and JT rather than Pe
order being destroyed at the phase transition. We have
attempted a calculation, which would be more difficult f
LaMnO3 than for BaBiO3 because of the large value ofU.
Schematically the energy of JT glass phase and met
phase would possibly be

EJT/Nt52@42a~U !x2b~U !x21•••#G,

Emetal/Nt52@c~U !x1d~U !x21•••#, ~12!

where coefficientsa,b,c,d, etc. are unknown functions tha
depend strongly onU and also on the magnetic state. O
calculations above give the value ofa at U5` to be 2 plus
small corrections. If we could neglectbx relative toa anddx
relative to c, then the critical concentration would bexc
54G/(aG1c). The observedxc'0.2 then requires that th
hopping energy gain2ct in the correlated metal phase mu
be of order25t, usingG50.3, whereas we find that atU
50 the value ofc in the ferromagnetic phase is only 3. Th
shows that the polaron repulsionb plays a significant role.

VII. DISCUSSION

Numerous effects are left out of the model. Macrosco
strain, tilting of oxygen octahedra, and additional zero-po
magnetic and nonadiabatic lattice fluctuations all could
added and would affect theT50 properties discussed her
but we believe that the effects we did include are the m
important ones. AT.0 treatment of all these effects is
bigger challenge. It would also be interesting to extend
s,
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T50 calculations to higher doping where a remarkable
riety of textured phases is being unraveled.25 The properties
of LaMnO3-related materials are incredibly rich, yet surpri
ingly understandable, in contrast to certain other transiti
metal oxide systems.
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APPENDIX: PERTURBATIVE CORRECTIONS

In Sec. IV the energy of the hole in JT-distorted LaMnO3
is computed in lowest order, for the two cases of localiz
and delocalized hole states. Here the method used for pe
bative corrections is explained. First, we discuss the loc
ized case.

Denoting the pure crystal ground state Eq.~10! as uJT&,
the strictly localized hole on anA site at the origin is
cX(0)uJT&. For clarity, we use both a short-hand and a p
torial labeling scheme:

~A1!

where h0 means ‘‘hole at the origin.’’ This is the zeroth
order ~unperturbed! state of the localized hole. As shown i
Sec. IV, relaxation of oxygen positions reduces the ene
e(h0)5^h0uHtotuh0& from 8Gt to 2Gt. Our aim is to calcu-
late the two corrections,

dE15(
i 51

6 z^ i uHJTuh0& z2

e~h0!2e~ i !
, ~A2!

dE25(
j 51

12 z^ j uHtuh0& z2

e~h0!2e~ j !
. ~A3!

Included in the sums are all basis functions that couple
uh0& by eitherHJT or Ht . All our basis states have the sam
relaxed oxygen positions optimized for theuh0& state.

The JT operatorHJT couplesuh0& to six statesu i & with
orbital defects on nearest-neighbor Mn atoms. The statesu i &
come in three types. First, consider

~A4!

and the related stateuh0,o2 x̂&. The labeluhŝ,oŝ8& has the
meaning ‘‘hole at siteŝ, orbital defect at siteŝ8. ’’ When
there is no orbital defect, the second part of the labe
omitted. These states have energye(h0,o6 x̂)2e(h0)
5(1424/A3)Gt, reduced from the value 16Gt of a distant
orbital defect by relaxation of the displaced oxygen lyi
between the origin and the6 x̂ Mn. These states are couple
to uh0& in first order by theHJT term proportional toQ3

(6 x̂)52(2/311/A3)g/K. Second are the statesuh0,o6 ŷ&
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with the hole at the origin and the orbital defect at the6 ŷ
sites. These have a slightly increased energy denomin
(1414/A3)Gt and coupling amplitude to theuh0& state
caused by the oxygen relaxationQ3(6 ŷ)52(2/3
21/A3)g/K. Third, the statesuh0,o6 ẑ& have the same en
ergy denominator 16Gt as a distant orbiton, because the on
neighboring oxygen with an altered position lies along thẑ

axis, generating the termQ3(6 ẑ)54g/3K, which causes
off-diagonal coupling. Adding the three types of correctio
we get the value for the first perturbative correction to
localized hole energy,

dE152
628

1287
Gt'20.488Gt. ~A5!

This correction is independent of magnetic ordering.
The hopping HamiltonianHt couples stateuh0& to twelve

states, which come in two categories of six each. One
ample of each category is

~A6!

~A7!

The first six have the hole displaced to a first-neighbor s
with the origin occupied by an electron in the ‘‘correct
orbital; the second six have a misoriented orbital at the
gin. The hops without orbital defect in the6( x̂,ŷ) directions
cost energye( j )2e(h0)537Gt/3, while the hops in the6 ẑ
direction~forbidden in the AFA magnetic state! cost 40Gt/3.
Moving a hole to a remote site would cost slightly less e
ergy 12Gt. Hops that leave an orbital defect at the origin co
an extra 8Gt. The coupling magnitude is determined by t
off-diagonal part of the matrix of Eq.~9! for hopping without
creating orbital defect at the origin and by the diagonal pa
otherwise. The net result is

dE2~ ferro!52S 3

148
1

3

80
1

21

244
1

3

128D t

G
'20.167

t

G
,

dE2~AFA!52S 3

148
1

21

244D t

G
'20.106

t

G
. ~A8!

These calculated shifts are shown in the AFA case a
dashed line in Fig. 4. The shifts are similar in magnitude
e

S
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ri

,

tor

,
e

x-

,

i-

-
t

ts

a
o

the unperturbed energy. Therefore, we repeated the calc
tion with an exact diagonalization in the same subset of
states, which couple touh0&. The answer, shown as the do
dashed line in Fig. 4, is not greatly different from the pertu
bative answer in the relevant regime of parameters.

In Sec. IV the case of the delocalized hole was treated
staying within the subspace of statesc( l )uJT& where c( l )
removes an occupied JT orbital, and then diagonalizing
off-diagonal effects ofHt by Fourier transformation to Bloch
states. The hole is then put into the lowest-energy Blo
state. This calculation has omitted effects caused by the
that Ht also allows hops that leave behind a single orb
defect. We now correct for this perturbatively. Our Hilbe
space has two subspaces. The Bloch states lie in
N-dimensional subspace with a single hole and no orb
defect. We must add a 6N-dimensional space in which th
hole has an orbital defect on an adjacent atom. These
subspaces are coupled byHt . The Schro¨dinger equation has
the structure

S HJT1Ht2E Ht8

Ht8 HJT2E
D S c I

c II
D 50. ~A9!

Each element of thec I subspace~no orbital defect! is
coupled to six elements of thec II subspace by hopping
terms. The prime onHt8 is used to designate the part ofHt

that creates an orbital defect. The JT energy is constant (Gt
hole creation energy! in thec I subspace and higher by the J
gap (16Gt) in thec II subspace. In our perturbative treatme
we leave out the off-diagonal effects ofHt interior to thec II
subspace. The problem is then equivalent to an effec
Hamiltonian

Heff5HJT1Ht2Ht8~HJT2E!21Ht8 ~A10!

in thec I subspace. Second-order perturbation theory uses
JT gap 16Gt as the energy denominator (HJT2E). Then the
last term in Eq.~A10! just gives a constant shift on the d
agonal. The value depends on the magnetic state:

dE3~ ferro!52S 7

64
1

2

64D t

G
'20.141

t

G
,

dE3~AFA!52
7

64

t

G
'20.109

t

G
. ~A11!

This shift is shown as a dashed line~in the AFA case! in Fig.
4.
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10S. Köhne, O. F. Schirmer, H. Hesse, T. W. Kool, and V. Vikhni
J. Supercond.12, 193 ~1999!.

11J. B. Goodenough, A. Wold, R. J. Arnott, and N. Menyuk, Ph
Rev. 124, 373 ~1961!; J. Rodriguez-Carvajal, M. Hennion, F
Moussa, A. H. Moudden, L. Pinsard, and A. Revcolevschi, Ph
Rev. B57, 3189~1998!; Y. Murakami, J. P. Hill, D. Gibbs, M.
Blume, I. Koyama, M. Tanaka, H. Kawata, T. Arima, Y
Tokura, K. Hirota, and Y. Endoh, Phys. Rev. Lett.81, 582
~1998!.

12J. C. Slater and G. F. Koster, Phys. Rev.94, 1498~1954!.
,

.

.

.

13T. M. Rice and L. Sneddon, Phys. Rev. Lett.47, 689 ~1982!.
14A. J. Millis, Phys. Rev. B53, 8434~1996!.
15J. H. Van Vleck, J. Chem. Phys.7, 72 ~1939!; J. Kanamori, J.

Appl. Phys.31, 14S~1960!; J. B. Goodenough,Magnetism and
the Chemical Bond~Wiley Interscience, New York, 1963!, p.
202; K. I. Kugel and D. I. Khomskii, Zh. E´ksp. Teor. Fiz.64,
1429 ~1973! @Sov. Phys. JETP37, 725 ~1973!#.

16V. Perebeinos and P. B. Allen, Phys. Status Solidi B215, 607
~1995!.

17E. O. Wollan and W. C. Koehler, Phys. Rev.100, 545 ~1955!.
18F. Moussa, M. Hennion, J. Rodriguez-Carvajal, H. Moudden,

Pinsard, and A. Revcolevschi, Phys. Rev. B54, 15 149~1996!.
19 P. G. de Gennes, Phys. Rev.118, 141 ~1960!.
20H. Kawano, R. Kajimoto, M. Kubota, and H. Yoshizawa, Phy

Rev. B53, 2202~1996!.
21P. B. Allen and V. N. Kostur, Z. Phys. B: Condens. Matter104,

605 ~1997!.
22J. Yu, X.-Y. Chen, and W. P. Su, Phys. Rev. B41, 344 ~1990!.
23 P. B. Allen and V. N. Kostur~unpublished!.
24A. L. Efros and B. I. Shklovskii, J. Phys. C8, L49 ~1975!; B. I.

Shklovskii and A. L. Efros,Electronic Properties of Doped
Semiconductors~Springer-Verlag, Berlin, 1984!, Chap. 10.

25W. Bao, J. D. Axe, C. H. Chen, and S.-W. Cheong, Phys. R
Lett. 78, 543~1997!; P. G. Radaelli, D. E. Cox, M. Marezio, an
S.-W. Cheong, Phys. Rev. B55, 3015~1997!; H. Kuwahara, Y.
Moritomo, Y. Tomioka, A. Asamitsu, M. Kasai, R. Kumai, an
Y. Tokura, ibid. 56, 9386 ~1997!; S. Mori, C. H. Chen, and
S.-W. Cheong, Nature~London! 392, 473 ~1998!.


